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1. Field Equations 
 
 
1.1 Stress Equilibrium 
 
0
1
0
0
))(1( 000,, =
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−−−−′
i
ijij TTgp αρσ  
{
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
⋅−⋅=′⋅
100
010
001
)(
3
1)()( ijkkijij δ  
 
Pressure p: 
 
 jjp σ−=  
 
 
1.2 Continuity 
 
0, =jjv  
 
1.3 Heat Equation 
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Notations: 
0ρ - density at surface 
 g – gravitational constant 
0α - thermal expansion coefficient 
T – Temperature 
0T - surface temperature 
pc - heat capacity at constant pressure 
v- velocity vector 
k- thermal conductivity 
χ - Taylor Quinny coefficient 18.0 << χ ; usually assumed as 1 
σ - stress tensor 
σ′ - deviatoric stress tensor 
D - stretching tensor= symmetric part of the velocity gradient 
disD - dissipative part of the stretching tensor 
h – specific rate of internal heating 
p- pressure, jjp σ−=  
 
 
1.4 Boundary conditions 
 
Standard boundary value problem: Domain rectangular box (H1, H2, H3) 
Mechanical boundary conditions: On all boundaries: 0=jj nv  (no flow across boundary) 
and 0)( =− ilkkljij nnnn σσ (free slip, no shear stresses on boundaries). 
Thermal boundary conditions 
330 HxonTT ==  and 0301 =>= xonTTT    
0, =jj nT  on the sides. 
 
There are many variations to this BVP. If the top surface is supposed to be rough then the 
free slip condition on x3=H3 is replaced by the velocity boundary condition 
2,1,0 == ααv
33, qkT =
. In connection with predominant internal heating the temperature 
boundary condition at x3=0 is replaced by a condition for the heat flux, e.g. in the form 
 where q3 is a given heat flux. If the evolution of topography on x3=H3 is to 
considered then the no normal flow condition v3=0 is replaced by the stress boundary 
condition 
λρσ gp 033 −=−′  
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2. Constitutive Relationships 
 
2.1 Visco-elastic 
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Approximations: 
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Temperature ranges between T0 and e T=T0+T’. T’ ranges between 0 and ΔT.  T . Introduc
imensionless relative temperature  or simply T (dropping hat and prime): 
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Remark1: 
If the ratio ξηη === )1(/)0( TT NN  is given, then the parameters have to satisfy 
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Invariants: 
ijijσστ ′′= 2
1      2  deviatoric stress invariant or equivalent stress nd
ijij DD ′′= 2γ&       2nd deviatoric strain rate invariant or equivalent strain rate 
 
where 
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Pressure p: 
 jjp σ−=  
 
Remark2:  
If the elastic stretching is zero, i.e.: the stress-stretching relationship reads: 0=elijD
kljkiljlikeffij D)( δδδδησ +=′  
Since effη depends on the stress, this equation has to solved iteratively for given . ijD
 
Notations:  
2/1, pN AA  - Activation energy 
R – Gas constant 
2/1, pN ηη  Newtonian and power law viscosities 
01 TTT −=Δ  
T0 – surface temperature 
2/1n -  power law coefficients; n for Olivin is n=3 
2/1tτ - transition stresses; if e.g. 1tττ > then power law behavior rather than Newtonian 
behavior prevails 
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ij WWv σσσσσ +−+= ,,&  - Jaumann stress rate;  anti-symmetric part of the 
velocity gradient i.e.
ijW
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2.2 Viscous plastic 
 
In this case effη  is defined as follows: 
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where the Newtonian viscosity Nη  is defined as above, 
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Yτ = Drucker-Prager cohesion factor 
β = Drucker-Prager friction or pressure sensitivity factor 
 
3. Non-Dimensionalisation 
 
Lengthscale: Href=H3 
Timescale: Characteristic thermal diffusion time scale from heat equation  
k
Hc
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The viscosity is decomposed as follows: effrefeff ηηη ~= . In the Newtonian case for instance, 
0Nref ηη =  
 
3.1 Dimensionless Field Equations for ∞→μ , i.e. zero Elastic Deformations 
 
3.1.1 Stress equilibrium 
 
Assumptions: k=const, cp=const, ρ0=const, α=const 
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The Rayleigh Number Ra is defined as: 
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Remark 1: For models with constant viscosity effref ηη =  so that 1~ =effη  
Remark 2: Often p~  is decomposed as conpx
T
Rap ~)~1(~ 3
0
+−Δ= α , where p
con is the 
pressure due to convection. Dropping tildes and superscripts, the equations of motion 
read: 
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However in the yield criterion, reaction, and other physical process equations the total 
pressure is needed so that we prefer the original equation of motion involving the total 
pressure p~  . Often the )~1( 3
0
x
T
Ra −Δα  is substituted for the total pressure p
~  e.g. in the 
case of pressure dependent viscosity or pressure dependent yield stress. 
Remark 3: Non-dimensional stresses σ~  such as the yield stress or the transition stress are 
related to the corresponding dimensional quantities as: 
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3.1.2 Mechanical boundary conditions: 
The free slip, no slip and no cross surface flow conditions are unaffected by the non-
dimensionalisation. The dynamic topography boundary condition (see BVP 3) reads: 
λασ
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0
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3.2.1 Heat Equation 
 
Assumption: ρ0h=const 
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Dissipation number: 
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Rayleigh number for internal or radiogenic heating: 
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3.2.2 Thermal boundary conditions 
 
The no flux boundary conditions are unaffected by the non-dimensionalisation. The 
temperature boundary conditions read (note that TTTT ~0 Δ=− ): 
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3.3 Dimensionless Field Equations including Elastic Deformations  
 
3.3.1 Dimensionless constitutive relations 
 
σ
Simplified Model (Assumption 2) μ2
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Debora number (Maxwell time/Process time) 
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Easier to quantify representation: 
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3.3.2 Equations of motion: 
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If the dimensional constitutive relationship for the pressure rate-rate of volume change 
can be written as  where K is the bulk modulus (assumed constant), then the 
equation of motion can be written as: 
kkt Kvp ,, −=
 
j
eff
ij
itjijjlkjkiljlik TRaDev
Kv ,3,,,, )~2
~
(2~)
3
2()~))(( η
σδμδδδδ
′=+−++  
and 
 
eff
ijtij
ijkkijji Devvv η
σσδ ~2
~
2
~
)~
3
2~~(
2
1 ,
,,,
′+′=−−  
 
This form degenerates for ∞→μ  and probably works best for large De’s as the basis for 
numerical analysis. An alternative form of the visco-elastic equations of motion will be 
discussed in a later section on computational aspects. 
 
3.3.3 Mechanical boundary conditions: 
 
No slip, free slip conditions (for shear stress rates instead of shear stresses) are straight 
forward. The dynamic topography condition reads: 
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3.3.4 Heat Equation 
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3.3.5 Thermal boundary conditions: 
 
Same as in the purely viscous or viscous-plastic cases. 
 
4. Diagnostic functions 
 
4.1Nusselt number 
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Expressing the advective flux in terms of stress and stretching by transformation of the 
equations of motion, non-dimensionalisation and integration over x3 of the denominator 
yields (assuming temperature boundary conditions at x3=0 and x3=1): 
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4.2 Toroidal , Poloidal 
 
The following equations are defined on the boundary surface 1~3 =x  
 
βαβαα ,3, Ψ+Φ= ev  , )2,1(, =βα  
 
1. Determine potential  for poloidal part of the horizontal velocities for given vα : Φ
 
ββββ ,, v=Φ ,   on the boundaries  0=Φ
 
2. Determine toroidal part 
 
1,22,1, vv −=Ψ ββ   on the boundaries  0=Ψ
 
Ratio of toroidal to poloidal energy  (ratio of transform faults to divergent and 
convergent plate boundaries) 
TPR
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Parameter  Symbol Typical 
value 
Dimension Dim.-less value 
Density at surface ρ0 3300 Kg/m3 1 
Gravitational acceleration g 10 m/s2 1 
Surface value of thermal T1 
expansion coefficient 
α0 5 10-5 K-1 1 
Surface temperature T0 300 K 0.12 
Surface temperature (high, 
to limit viscosity) 
T0    
Thermal Conductivity k 3 W m-1 K-1 1 
Heat capacity at constant 
 pressure 
cp 1200 J kg-1 K-1 1 
Taylor-Quinney  coefficient χ 0.80-1.00   
Specific rate of internal 
heating 
h    
Max Temperature T1    
Temperature difference 
(super adiabatic temp. drop) 
ΔT 2500 K 1 
Gas constant R 8.314510  J mol-1 K-1  
Activation energy AN    
Transition Stress τt    
Power law exponent n 3 (olivine)   
Depth of convection layer 
(mantle) 
H3 2890 km 1 
Shear modulus at surface 
pressure 
μ 0.6 1011 
(Mantle) 
Pa  
Rayleigh number  Ra  4 103 (surf.),  
4 107 (base) 
Dissipation number Di   1.2 (surf.) , 0.44 
(mean) 
Ratio bulk modulus to shear 
modulus 
K/μ   2-2.5 
Toroidal/Poloidal RTP   0.25-0.5 
 
 
 
 
 
 
 
5. Computational aspects 
 
5.1 Pressure Iteration 
 
Lutz: could you insert a diagram or a segment how Uzawa or whatever is 
best done in ESCRIPT? 
 
5.2 Differential expressions of boundary surfaces 
 
Differential expressions can’t be prescribed on boundary surfaces in ESCRIPT. Such 
expressions are necessary for the computational treatment of the dynamic topography 
problem (upwinding on the top boundary surface) or the solvution of the pde’s for the 
toroidal and poloidal decomposition of the velocity field on the top surface. The strategy 
is to formulate an auxiliary pde, the solution of which represents the extension of the 
velocity field on the top surface into the interior of the domain. 
 
The extension of the surface velocity is called  iii vxwwherew == )1( 3  
iw  is the solution of  033,, =+ ii ww ααε  where 1<<ε  and 2,1=α ; 0>ε is sufficient for 
the existence and uniqueness of the solution.         
 
5.2.1 Dynamic topography 
 
Integration of topography PDE using Taylor-Galerkin upwinding (Zienkiewicz & Taylor, 
2000, Vol. 3) to stabilize the advection terms 
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5.0<Δ  , d is a characteristic element size; λ~)1( 3 ==xH  
For stability purposes a semi implicit form of the stress boundary condition is used: 
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Where Pen is a penalty factor.   ∞→Pen  enforces zero flow across x3=1. For Pen=1 the 
dynamic topography case is recovered. For stability reasons it may be necessary to use a 
Pen>>1 in a dynamic topography simulation as well for the first steps of the solution. 
 
5.2.2 Toroidal-Poloidal 
 
1. Determine potential  for poloidal part of the horizontal velocities for given wα : Φ
 
ββββε ,,33,
1 w=Φ+Φ ,   on the side boundaries  0=Φ
 
2. Determine toroidal part 
 
1,22,1,33,
1 ww −=Ψ+Ψ ββε   on the side boundaries  0=Ψ
 
 
 
 
6. Energy equation 
 
6.1Single phase 
 
Energy: 
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Free Energy: 
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Gibbs Free Enthalpy: 
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K is the isothermal bulk modulus. 
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In the thermo dynamics literature α  is defined as 
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